Geometrically nonlinear vibrations of functionally graded shallow shells of complex planform are studied. The paper deals with a power-law distribution of the volume fraction of ceramics and metal through the thickness. The analysis is performed with the use of the R-functions theory and variational Ritz method. Moreover, the Bubnov-Galerkin and the Runge-Kutta methods are employed. A novel approach of discretization of the equation of motion with respect to time is proposed. According to the developed approach, the eigenfunctions of the linear vibration problem and some auxiliary functions are appropriately matched to fit unknown functions of the input nonlinear problem. Application of the R-functions theory on every step has allowed the extension of the proposed approach to study shallow shells with an arbitrary shape and different kinds of boundary conditions. Numerical realization of the proposed method is performed only for one-mode approximation with respect to time. Simultaneously, the developed method is validated by investigating test problems for shallow shells with rectangular and elliptical planforms, and then applied to new kinds of dynamic problems for shallow shells having complex planforms.
INTRODUCTION
Structural elements modeled by shallow shells are widely used in various engineering fields, including, for instance: mechanical, aerospace, marine, military, and civil engineering. Such elements can have various planforms, boundary conditions (including mixed ones), and different types of curvature. In order to improve the strength of the modern design, a new class of composite materials, i.e., functionally graded materials (FGM), has been recently applied. In spite of the observation that FGM are inhomogeneous, they have essential advantage, i.e., material properties undergo smooth and continuous variations in the thickness direction. This is why the stress concentration present in laminated structures can be eliminated. However, an analysis of functionally graded (FG) shells is more complicated than of homogeneous material structures, since partial differential equations (PDEs) with variable coefficients govern the shallow shells made of FGM, and the strain-stress fields are coupled. As it is known, getting a validated solution to the mentioned PDEs creates a very difficult problem even in the case of shells having relatively simple planforms. In addition, the problem becomes more complicated if FG shallow shells perform vibrations at large amplitudes.
This class of problems is challenging and there exist numerous investigations devoted to analysis of dynamical behavior of the FG plates and shells. This is especially true for linear problems (Lam et al. (2002) ; Loy et al. (2008) ; Matsunaga (2008) ; Neves et al. (2013) ; Pradyumna and Bandyopadhyay (2008) ; Reddy et al. (1999) ; Reddy (2009); Shen (2009) ; Viola (2007, 2009) ; Tornabene et al. (2011); Zhu et al. (2014 Zhu et al. ( , 2015 ). However, in the last decade, nonlinear free and forced vibrations of the FG shells have been extensively studied as well (Reddy et al. (1999) ; Reddy (2009); Shen (2009) ; Amabili (2008) ; Alijani et al. (2011a,b) ; Bich et al. (2012) ; Chorfi and Houmat (2010) ; Sundararajan et al. (2005) ; Woo et al. (2006) ; Xiang et al. (2015) ; Zhao and Liew (2009)) . A complete survey on linear and nonlinear vibrations of FG plates and shells can be found in the following references (Shen (2009) ; Tornabene et al. (2011); Zhu et al. (2014) ; Amabili (2008) ; Alijani et al. (2011b) ). Note that in the aforementioned papers, nonlinear vibrations of simply supported or clamped FG structures of rectangular, skew or circle planforms have been analyzed by different numerical methods such as Finite Element Method (FEM) [Lam et al. (2002) ; Loy et al. (2008) ; Matsunaga (2008) ; Reddy et al. (1999) ; Reddy (2009); Shen (2009) ; Bich et al. (2012) ], Differential Quadrature Method Viola (2007, 2009) ; Tornabene et al. (2011) ], modified Fourier-Ritz Approach [Zhu et al. (2014 [Zhu et al. ( , 2015 ], etc. A survey on vibrations of open shells of revolution can be found in papers [Zhu et al. (2014 [Zhu et al. ( , 2015 ; Amabili (2008) ]. The analysis of published literature devoted to nonlinear vibrations of FG shallow shells is, in general, restricted to their simple planforms and classical boundary conditions. However, FG shells of arbitrary planforms and different boundary conditions are widely used in practice. Consequently, it is important to develop universal and effective methods for investigation of nonlinear vibrations of functionally graded shallow shells of complex planforms and different boundary conditions. Earlier, in papers [Kurpa (2009a) ; Kurpa et al. (2007 Kurpa et al. ( , 2013 ; Awrejcewicz et al. (2010 Awrejcewicz et al. ( , 2013 Awrejcewicz et al. ( , 2015a ; Kurpa and Mazur (2010) ; Kurpa and Shmatko (2014) ], the original meshless method aimed at an application of the Rfunctions theory, variational Ritz method, Bubnov-Galerkin procedure, and Runge-Kutta method has been proposed. In reference [Awrejcewicz et al. (2015b) ] this method has been extended to geometrically nonlinear vibration problems of functionally graded shallow shells of arbitrary planforms. In the aforementioned paper, theoretical results have been presented in a rather short form.
In this paper we present a numerical-analytical method based on the R-functions theory in more detail. Formulation of the problem is performed using theories of the shallow shells, i.e., classical (CTS) and geometrically refined nonlinear theory of the first order (FSDT). Distinctive feature of the proposed approach is the original method of reducing the input nonlinear system of PDEs to a nonlinear system of ordinary differential equations. In order to realize this approach appropriately, it is needed to perform a free vibration analysis of FG shells with high accuracy, since eigenfunc-tions of the linear vibration problem are used on each step of the proposed algorithm. The proposed method is validated by investigating test problems for shallow shells of rectangular and elliptical planforms, and then applied to new vibration problems for shallow shells of complex planforms.
MATHEMATICAL FORMULATION
Consider a functionally graded shallow shell with uniform thickness h, made of a mixture of ceramics and metal. It is assumed that the shell has an arbitrary planform. The volume fraction of ceramic c V and metal phases m V are related by formula can be expressed as
In the above formula, the index k   0 k   denotes the volume fraction exponent, z is the distance between the current point and the shell midsurface. In the case when the power index k is equal to zero, one obtains a homogeneous material (ceramics), but if k approaches infinity, the shell is purely metallic. It should be noted that FG materials are widely used in high-temperature environments and their mechanical characteristics can be different, depending on temperature changes. Therefore, this temperature dependence must be taken into account to obtain more accurate solution. We use the relations given in [Reddy (2009); Shen (2009) [Reddy (2009); Shen (2009); Alijani et al. (2011a) ].
As it is known [Reddy et al. (1999); Reddy (2009); Shen (2009); Viola (2007, 2009) ; Tornabene et al. (2011); Alijani et al. (2011a,b) ; Bich et al. (2012) ], in FGM structures the material properties along the thickness are proportional to the volume fraction of the constituent materials, i.e., we have
where     , c m P T P T are the corresponding characteristics of the ceramic and metal, respectively. Equation (2) represents a general formula for determination of the elastic modulus E, Poisson's  , and the density  of the composite, that is
and 1
are the principal curvatures of the shell along the coordinates x and y, respectively. Let us present formulas (5) employing the following general notation:
where
, . 1 ,
where indicator  is the tracing constant taking values 1 or 0 for the FSDT and CST, respectively.
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The strain resultants   
Transverse shear force resultants , ,
where 2 s K denotes the shear correction factor (in this paper it is selected to be 5 / 6). Further, let us consider materials with Poisson's ratio independent of the temperature, being the same for ceramic and metal, i.e.,
Mass density  is also estimated by integration along the shell thickness, to yield
Linear Problem
The first step of the proposed method is to solve the linear vibration problem. For this purpose, the vector of unknown functions is represented as
U u x y t v x y t w x y t x y t x y t U u x y t v x y t w x y t x y t x y t
where  is a vibration frequency. Applying Hamilton's principle, we get a variational equation in
where U and T are strain and potential energy, respectively, and , , whereas and are defined by formulas (7), (9), and
Minimization of functional (19) is performed using the Ritz method, and the necessary sequence of coordinate functions is built with the help of the R-functions theory [Rvachev (1982) ; Kurpa (2009b) ].
Nonlinear Problem
For simplicity, let us describe the algorithm for solution to the nonlinear vibration problem in the frame of the classical theory (CTS). Note that inertia terms are ignored in motion equations while 
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solving the nonlinear problem. Let us formulate the given problem with respect to shell displacements: 
The expressions of the nonlinear terms standing on the right-hand side of the system (21)- (23) 
, .
The functions
u v should satisfy the following system of differential equations 
e e e e e e i j i
The system of equations (26) can be solved with the RFM for any planform and various kinds of boundary conditions. It is possible to show that the variational formulation of this problem is reduced to finding the minimum of the following functional: ,
where ( , 1,2) i j  are defined by the following expressions , .
The functions 1 F and 2 F are: 
where l and m are directional cosines of the normal n to the border.
Observe that in case of boundary conditions with clamped edge, we have
and consequently, a contour integral in formula (27) equals zero. The system of basic functions for functional (27) is built with the help of the R-functions theory. Substituting expressions (24)- (25) for the functions into equations of motion (21)- (23) and applying the Bubnov-Galerkin procedure, we obtain the following system of nonlinear ordinary differential equations for the unknown functions ( ),
The formulas defining the coefficients follow:
,
where 
Solution to the system of equations (31) can be found with the use of various approximation methods. Here, numerical implementation has been done with one mode. Thus, instead of the system of equations (31), we find the solution to one second-order ODE of the form ,
where the coefficients are calculated using formulas (32)- (33) 
NUMERICAL RESULTS
In order to validate the results obtained by means of the proposed approach, a few of test problems are investigated first. 
Results Validation
To solve this problem, the following solution structure [Kurpa (2009) 
are undefined components represented as a truncated expansion of the complete system of functions:
In this paper, the power polynomials are chosen for the functions of such a system. In order to verify the accuracy of the presented results, convergence of the numerical solution is examined. As a result of the computational experiment, it has been found that convergence of the results (at least to the third decimal) occurs for the ninth-degree polynomials and for the tenth-degree polynomial 3  , and the results presented below were obtained for such a number of coordinate functions. A comparison of the natural frequencies for various shallowness ratios and different thicknesses is carried out for (plate), (spherical shell), (cylindrical shell), and (hyperbolic paraboloid).
The comparison of the obtained results for the side-to-thickness ratio / 10 a h is shown in Table 1 and for / 5 a h in Table 2 .
The comparison shows that the results obtained using the refined first-order theory (RFM, FSDT) are almost the same as those reported in reference [Chorfi and Houmat (2010) ]. A deviation from the results obtained by means of the theory of the higher order (HSDT) [Matsunaga (2008) ] does not exceed 4%. Deviation results obtained by using the classical theory (RFM, CST) with the results of [Alijani et al. (2011a) ] do not exceed 2%. In general, it should be noted that the classical theory, in most of cases, overestimates the fundamental frequencies compared with the refined theory. [Alijani et al. (2011b)] (FSDT) [Chorfi and Houmat (2010)] (HSDT) [Matsunaga (2008) 
Free Vibrations of Functionally Graded Shells of Complex Planforms
In order to present novel results and illustrate the versatility and efficiency of the proposed method, two free vibration problems are considered. Let us investigate a shallow shell with complex planform (see Fig. 1 ). The fixed geometrical parameters are as follows:
The properties of the FG mixture are the same as those presented in paper [Chorfi and Houmat (2010) Now, in order to investigate convergence of the natural frequencies, the computer experiments are carried out. It has been found that the third decimal is stabilized while maintaining the degree of approximating polynomial (11, 11, 14, 11, 11) which corresponds to the following number of coordinate functions for : 21, 21, 36, 21, 21, respectively. In this case, the form shown in Fig. 1 is very close to elliptical. Results for this type of the shell have been compared to the similar form of the shell studied in reference [Chorfi and Houmat (2010) ]. It is obvious that the results obtained for simple (ellipse, black and blue colors of curves) and complicated (dashed lines) forms coincide reasonably well. This fact allows us to validate our (numerically obtained) results. The same figure shows the The results have been obtained for two types of materials. As in the case of elliptical shells, the frequency values are substantially greater for the FG2 mixture than for the mixture of FG1. Table 3 .
It follows from Table 3 Table 5 .
The related backbone curves for spherical and cylindrical shell, made of FG1 material are presented in Fig. 5. and Fig. 6 , respectively. 
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A comparison of the backbone curves for cylindrical and spherical clamped panels for two kinds of materials is presented in Fig. 7 (volume fraction index k=4) . ). Figure 8 shows the effect of the index k on the ratio of nonlinear to linear frequency. It can be seen that for materials FG1 this ratio increases to k=1, and then it decreases to k=6. However, if k>6 then the ratio again increases. The same behavior is characteristic for the cylindrical shell made of material FG1 (see Table 5 ). But if the panels are made from materials FG2, then the ratio L N   / increases to k =6, and then it slowly begins to increase (see Tables 4, 5 ).
The carried out analysis of the backbone curves for the shells under consideration shows that these curves are sufficiently close to each other. However, the values of the nonlinear frequencies depend substantially on the volume fraction index k. Effects of volume fraction index k on the nonlinear frequencies of the clamped spherical and cylindrical shells are shown in Figure 9 and 10, respectively. It should be emphasized that the panels with the highest values of nonlinear frequencies are made of pure ceramics.
The phase planes of the spherical and cylindrical considered shells for different initial conditions are shown in Figures 11 and 12 , respectively. The proposed approach has allowed for a detailed analysis of the clamped cylindrical and spherical panels with the planforms shown in Fig. 1 being made of two kinds of FGM. It should be mentioned that owing to employment of the R-functions theory, we can easily pass from one geometric form to another and hence to investigate different boundary conditions of the shell using the same developed software. Our research shows that it is important that the desired solution to linear auxiliary tasks is presented in an analytical form. This is a significant factor that should be taken into account while using the presented approach to solve nonlinear problems.
CONCLUSIONS
This paper proposes a method of investigation of geometrically nonlinear free vibrations of functionally graded shallow shells of a complex planform. The method is based on the theory of the Rfunctions, Ritz variational method, Bubnov-Galerkin procedure, and Runge-Kutta method. The tests conducted for shells of square and elliptical planforms have proved the reliability and effec-tiveness of the presented method. Graphical and numerical results are obtained for shells having complicated shapes. In the future, the developed method is planned to be implemented into a multimode approximation.
